TOWARD AN INDUCTIVE DESCRIPTION OF SINGULARITIES OF 

PAIRS 



MIRCEA MUSTATA 



Abstract. Motivated by Sliokurov's ACC Conjecture for log canonical thresholds, we 
propose an inductive point of view on singularities of pairs, in the case when the ambient 
variety is smooth. Our main result characterizes the log canonicity of a pair in dimension 
n + 1 by the log canonicity of another pair (not effective, in general) in dimension n. 



1. Introduction 

Singularities in higher- dimensional birational geometry are classified according to 
orders of vanishing along divisorial valuations. A key tool in the study of singularities is 
provided by log resolutions: one can show that instead of dealing with all possible divisorial 
valuations, it is enough to consider the ones that correspond to divisors on a given log 
resolution. Our goal in this note is to show that one can try to approach singularities by 
induction on the dimension of the ambient space. The main ingredient for doing this is 
the characterization of singularities of pairs in terms of spaces of arcs, as developed in 
pus] and [ELM] . 

We work in the following setup. Let K be an algebraically closed field of character- 
istic zero. Our ambient scheme X will always be nonsingular: it will either be a smooth 
variety over K, or, most of the time. Spec Klxi, ... ,Xn}- The usual setting for singu- 
larities in birational geometry is that of pairs {X,D), where D is a divisor on X with 
rational coefficients. For us it is more natural to allow arbitrary ideals, hence our pairs 
will be of the form {X, Jf^J2^'^), where Ji and J2 are nonzero ideals on X, and qi and 
q2 are nonnegative rational numbers. We say that such a pair is effective if ^2 = 0. The 
condition for a pair {X,Jf^J2'^') to be log canonical is typically given in terms of the 
orders of vanishing of Ji and J2 along the divisorial valuations of the function field of X. 
If J is a proper nonzero ideal on X, then the log canonical threshold let (J) is the largest 
g > such that the pair [X, J'^) is log canonical. This invariant plays an important role 
in birational geometry. For other points of view on the log canonical threshold, and for 
some applications, see |EM] . 

Inductive arguments have always been present in the theory of singularities of pairs 
through the adjunction formula, which leads to Adjunction and Inversion of Adjunction 
type results (see §7 in |Kol2] ). However, these results apply to only special pairs, while 
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we are interested in general ones. By an inductive description of singularities of effective 
pairs we mean a positive answer to the following question: 

Question 1.1. Given integers n,d >1 and a positive rational number c, consider formal 
power series of the form 

d 

i=l 

with Oj G i^lxi, . . . of positive order. Can one find finitely many polynomials Pi G 
^1, . . . , Zd], with 1 < i < r, and a positive rational number g, such that for every / as 
above we have 

(Spec -ft'lxi, . . . ,Xd,y}, f^) is log canonical if and only if 
(SpecK[xi, . . .,Xn], {Pi{ai, . . .,ad), ■ ■ ■ ,Pr{ai, ■ ■ • ,ctd))^) is log canonical? 

Our main motivation for looking at this question comes from Shokurov's ACC Con- 
jecture on log canonical thresholds. This is one of the most intriguing open problems in 
the field. 

Conjecture 1.2. ( [Sho] ) Ifn > 1 is fixed, the set 

T-LTn '■= {\ct{X,D) I X nonsingular, dim(X) = n, D effective divisor} 
satisfies ACC, that is, it contains no strictly increasing sequences. 

Several proofs of the conjecture are known for n = 2. Shokurov proved it in |Sho] 
using the Minimal Model Program. Phong and Sturm gave an analytic proof in [PS], and 
Favre and Jonsson proved it in [FJj using their valuation tree. The case n = 3 was proved 
by Alexeev in |Ale] . We should point out that one can consider singularities of pairs when 
the ambient variety is not assumed to be nonsingular, and it is in this setting that the 
above conjecture was made. In this stronger form, it is related to Termination of Flips, 
the major open problem left in the Minimal Model Program (see [Bir] for the precise 
statement). 

It was shown in [dFMj that Conjecture 11.21 is equivalent to the following statement: 
given a positive rational number q, there is N such that for every f,g G Klxi, . . . 
with ord(/) > 1 and ord(5') > A^, we have lct(/) > g if and only if lct(/ + g) > q. Using 
the same ideas, we show in Proposition 15. 2l below that a positive answer to Question II. II in 
dimension n, plus Conjecture 11.21 in dimension n would imply the conjecture in dimension 
n + 1. The idea is that in an increasing sequence of log canonical thresholds, the orders 
of the corresponding equations are bounded above, hence we may assume these orders 
to be constant. In this case, by Weierstarss preparation we can write the equations as 
polynomials of constant degree in the last variable, in which case the ideas in |dFM] , and 
the positive answer to Question 11.11 allow us to apply induction. 

Our main result is in the direction of Question II. though we can not remain in 
the setting of effective pairs. 
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Theorem 1.3. Fix an integer d > 1 and a positive rational number c, and consider formal 
power series of the form 

d 

f = 2/'^ + ^ai(xi,...,a;„)2/^-\ 

i=l 

with n > 1, and G -R'lxi, . . . , x„] of positive order. There are finitely many polynomials 
Pi, Qj G ■ ■ ■ , Zd], with 1 < i < r and 1 < j < s, and nonnegative rational numbers p 

and q {everything depending only on d and c), such that for every f as above we have 

(Spec A'lxi, . . . ,Xn,yl, f^) is log canonical if and only if 

(Spec Kl },PJ is log canonical, 

where I = (Pi(ai, . . . ,0^), . . . ,P,.(ai, . . . ,0^)) and J = (Qi(ai, . . .,ad), ■ . • ,Q,(ai, • • • ,0^)). 

In fact, we will obtain the Pi and the Qj in a rather explicit manner (see Theorem l5.3l 
below for the precise statement). Let us consider the special case d = 3 (see Example 15.61 
below). After a linear change of variable, we may assume that f = + a{x)y + h{x), with 
a, 6 G -R'lxi, . . . , x„] of positive order. If A/ = 4a(x)^ + 276(x)^ is the discriminant of /, 
then for every c with | < c < 1, we have 

lct(/) > c if and only if ^Spec . . . {^fy~'^{a{x)^ ,h{xY) is log canonical. 

While in Theorem 11.31 the pair we obtain is not effective in general, the explicit 
description we obtain allows us to compare P and J^: we show that for every divisor E 
over Spec K[zi, . . . , Zd\ we have 

p ■ oi<1e{.I) > ' ordE(J). 

This is enough to yield a new proof of Conjecture [L2] for n = 2 (see Corollary 15.91 below) . 

The fact that in Theorem II. 3l we describe the log canonicity of the given effective pair 
in terms of the log canonicity of a possibly non-effective pair raises some doubts regarding 
an affirmative answer to Question ll.il On the other hand, the theorem suggests that there 
are classes of non-effective pairs that behave like the effective ones (we recall that effective 
pairs have in general much better properties than non-effective ones do: for example, 
they satisfy semicontinuity of log canonical thresholds and Inversion of Adjunction). It is 
conceivable that applying to such an extended class of pairs our point of view might lead 
to a solution of Conjecture 11.21 

Describing effective log canonical pairs in dimension (n + 1) in terms of possibly non- 
effective pairs in dimension n is not enough for a truly inductive approach to singularities 
of pairs. On the other hand, we believe that even if we start with a non-effective pair in 
dimension (n + 1), one should be able to characterize its log canonicity in terms of the log 
canonicity of other suitable pairs in dimension n (though it might be hard to get such an 
explicit description as in Theorem 15.31 below). We hope to return to this aspect in future 
work. 
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The main tool in the proof of Theorem 11.31 is the characterization of log canonical 
pairs in terms of the codimensions of the contact loci associated to /. More precisely, 
given / G Klxi, . . . ,Xn,y}, the log canonical threshold of / gives a lower bound for 
the codimension of the subsets of in terms of the order of vanishing of / 

along these subsets; see Theorem 13.11 below for the precise statement. Our idea is to first 
plug in elements in n G (t-ft'[t])"', and then estimate the codimension of those w such 
that oTd{f{u,w) = m hj treating f{u,y) as a polynomial with coefficients in Kit}, and 
considering its factorization in the field of Puiseux formal power series. 

The paper is structured as follows. In the second section we give a brief review of the 
definition of log canonical pairs in the setting that we need later in the paper. The following 
section is devoted to the characterization of log canonicity in terms of codimension of 
cylinders in the space of arcs. We here explain how to deduce this characterization in the 
case of formal power series from the one in the case of smooth varieties, that is treated in 
[ELMj . The fourth section treats polynomials in Given a monic such polynomial 

of degree d, we show how to estimate the orders of various expressions in its roots. This 
part is very elementary, but it provides the ingredients for our proof of Theorem II. 3[ In 
the last section we explain the connection between Question 11.11 and Conjecture 11.21 and 
prove our main result on the inductive description of log canonical singularities. 

1.1. Acknowledgments. We are grateful to Tommaso de Fernex, Lawrence Ein, and 
Rob Lazarsfeld for many discussions, and for their suggestions and insight on topics 
related to this paper. 



2. Review of log canonical pairs 

In this section we review the definition of log canonical pairs. Our main reference 
for this topic is [Kol2] . However, our setting is slightly different from the one in loc. cit., 
since we need to work with ideals in a formal power series ring. Extending most of the 
results to this setting poses no problem. Such an extension has been carried out for the 
basic properties of the log canonical threshold in [dFM] . 

We start by recalling some terminology that will be useful for dealing with singular- 
ities of pairs. In this approach we follow |Kawj . Let X be a connected Noetherian normal 
scheme. A divisor over A is a prime divisor on some normal scheme A', having a proper, 
birational morphism ip: X' — y X. Such a divisor E gives a valuation of the function field 
of A that we denote by ord^;. We identify two divisors over A if they give the same 
valuation. The center cx{E) of on A is the image f{E). 

A Q-ideal a is an equivalence class of symbols J"^, where J is a nonzero ideal on A, 
and g is a nonnegative rational number. The equivalence relation is given by Jf^ ~ if 
and only if for some (every) positive integer m with mqi,mq2 G Z, the ideals J^'^^ and 
J^'^^ have the same integral closure (we refer to [Laz] . §9. 6. A for basic facts about the 
integral closure of ideals). Equivalently, for every divisor E over A, we have gi ■ord£;( Ji) = 
q2 ■ ord£;(J2). It is convenient to consider also the zero ideal as a Q-ideal: by convention. 
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this is equal to (0)'^ for every nonnegative g G Q. We denote by XdQ{X) the set of Q-ideals 
on X. 

One can define the sum and the product of the Q-ideals \ . . . , J^'", as follows. If 
m is a positive integer such that mqi G Z for every i, then 



jmqi 

i=l \i=l 



1/m 



l/m 



1=1 \i=l 

Furthermore, we can define rational powers of Q-ideals: if a = J*^, and if q' is a positive 
rational number, then a"^ = J'^'^ . It is straightforward to see that all these operations are 
well-defined. 

The set of nonzero Q-ideals forms a semigroup with respect to the product of Q- 
ideals. This semigroup is integral, that is, Oi ■ b = 02 ■ b implies ai = 02 in XcIq^X). 
Therefore it admits a universal semigroup morphism to an abelian group TdQ^X)^"^ , and 
this morphism is injective. The elements in IdQ{X)^^ are symbols ab~^, with o, b nonzero 
elements in XdQ{X), and such that ab~^ and aib^^ give the same element in this group 
if and only if abi = aib in IdQ{X). 

Given a divisor E over X, and a = J'' G IdqlX), we define ord£;(o) := q ■ ord£;(J). 
The definition of XdQ{X) was set up so that ord^(a) is well-defined. Note that if a is 
nonzero, then ord£;(a) is finite, and ord^; extends to a group homomorphism XdQ{X)^^ — y 

Q 

If / : Y — > X is a. morphism of schemes as above, then we can pull-back Q-ideals in 
the obvious way: f~^{J^) = (J ■ Oy)^- Note that this pull-back can be the zero Q-ideal. 
This operation is compatible with sums, products, and rational powers. 

We now introduce some notation that will be repeatedly used later. Suppose that K 
is a field of characteristic zero. Given a Q-ideal b in Q[zi, Zd], and formal power series 
ai, . . . , Orf G Klxi, . . . , Xn], we denote by b(ai, . . . , ad) the pull-back of b by the scheme 
morphism induced by Q[zi, . . . , Zd] — )■ K[xi, . . . , x„,], Zi — > ai. Similarly, if ai, . . . , G 
Kl^/^j, for some > 1, then we get a Q-ideal b(ai, . . . , a^) in Klf/^]. Note that we 
can consider the order of this ideal: the order of the Q-ideal {ty in is q (we make 

the convention that ord(O) = 00). 

More generally, if 7: Spec Klt^/'^j -> X is a scheme morphism, and if a is a Q-ideal 
on X, then we denote by ord^(a) the order of 7~-'^(a). Note that we have 

ord^ ( n ) ^ ord^{ai), ord^ j ^ j = min{ord^(Oi)}, ord^(a'^) = c ■ ord^(a) 

\j=l / i=l \i=l J *~ 

for every Q-ideals and a, and every positive rational number c. Similar formulas hold 
if instead of ord^ we consider ord^;, for a divisor E over X. 
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It is convenient to also consider an order relation on the nonzero elements of IdQ{X). 
For two Q-ideals a and b on X we put a < b if ord£;(a) > ord£;(b) for every divisor E 
over X. Equivalently, Jf^ < if and only if for every (some) positive integer m with 
mqi, mq2 G Z, the ideal J{"'^^ is contained in the integral closure of J™"^^. It is clear that 
this is an order relation, and if a < b and b < a, then o = b in XdQ^X). Note also that 
this order relation is compatible, in an obvious sense, with sums, products, and rational 
powers. 

We now give the definition of log canonical pairs in a setting that is general enough 
for our purpose. Let X be a connected, nonsingular scheme of characteristic zero. We 
always assume that X is excellent, that is, X has a finite cover by spectra of excellent 
rings (see |Mat] . Ch. 13 for the definition and basic properties of excellent rings). The 
key point of this assumption is that it allows us to use log resolutions, as in the case of 
schemes of finite type over a field. In particular, we are in this setting ii X = Spec(-R), 
with R = Klxi, . . . , Xn} {K being a field of characteristic zero), or more generally, if X is 
nonsingular, connected, and of finite type over Spec(i?). 

Let a = J'' be a nonzero Q-ideal on X. A log resolution of (X, a) is a proper birational 
morphism (p: X' — > X, with X' nonsingular, a ■ Ox' = 0{—F), with F a divisor, and 
such that the union of F and of the exceptional locus of (p has simple normal crossings. 
It follows from |Tem] that there are such log resolutions (and furthermore, any two log 
resolutions are dominated by a third one). Similarly, it is shown in loc. cit. that given any 
X' — > X birational, there is X" — > X' proper, birational, and with X" nonsingular. In 
particular, given any divisor E over X, E appears as a prime divisor on a nonsingular 
X', with X' — > X proper and birational. We define oi(\e{K-/x) to be the coefficient of 
E in the discrepancy divisor Kx'/x- It is clear that this depends only on E, and not on 
the model X' . 

Definition 2.1. Let X be as above, and o, b nonzero Q-ideals on X. The pair (X, ab~^) 
is log canonical if for every divisor E over X we have oi(1e{K_ix) + 1 > ord£;(ab~^). 

As in the usual setting in |Kol2] , one can show that if X' — )■ X is a log resolution of 
(X, o ■ b), then it is enough to check the defining condition for the prime divisors E on X' 
(see also jdFM] ) . Given a proper, nonzero ideal J in i?, the log canonical threshold let (J) 
is defined by 

lct(J) := sup{c > I (X, J'^) is log canonical}. 

It is easy to get a formula for let (J) in terms of a log resolution. In particular, this formula 
shows that let (J) is a rational number, and that the supremum in the above definition is 
a maximum (for details see |Kol2] and |dFM] ) . Moreover, we have let (J) < dim(X), and 
let (J) < 1 if J is a principal ideal. We make the convention that lct(J) = oo if J = Ox-, 
and lct(J) =0 if J= (0). 

From now on we will work in the following setting. Let K be an algebraically closed 
field of characteristic zero. Given a positive integer n, let R = Klxi, . . . and X = 
Spec(-R). We sometimes denote by the closed point of X. The following proposition 
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allows us to check log canonicity only using divisors with center at 0. The argument is 
well-known (see, for example, Lemma 2.6 in |dFM] ). 

Proposition 2.2. Given nonzero Q-ideals a and b on X , the pair {X, ab~^) is log canon- 
ical if and only if OTdE{K^/x) + 1 > ord£;(ab~^) for every divisor E over X with center 
at 0. 

Proof. We need to show that the inequality for the divisors with center at implies the 
inequality for every divisor. Let ip: X' — > X he & log resolution of (X, a ■ b ■ m), where m 
is the maximal ideal of R. Given a divisor E on X' , its image contains the closed point, 
hence E intersects some component Eq of the inverse image of the closed point (note that 
by assumption this inverse image is a divisor having simple normal crossings with E). 

We construct a sequence of divisors E^ over X as follows. Let Ei be the exceptional 
divisor on the blow-up Xi of X along some connected component of ETI-Eq- We define E^ 
and Xm recursively: Xm is the blow-up of some connected component of the intersection 
of Em^i with the proper transform of -E, and Em C Xm is the exceptional divisor of this 
blow-up. Note that by construction, each Em. has center at 0. It is standard to check that 

ord£;^(ab""^) = m ■ ord£;(ab""^) + ord£;(,(ab~^), and 

1 + oidE^{K_/x) = m(l + oidE{K^/x)) + (1 + oidEAK-/x)). 
Applying the hypothesis for every Em gives 

m(l + oidE{K_/x) - ord(ab-i)) + (1 + oidE,{K_/x) - oidE,{ab-')) > 

for every m > 0. Therefore 1 + ord£'(-ft'_/x) > ord(ab~^) for every E. □ 

3. Log canonical pairs via cylinders in the space of arcs 

We now turn to the characterization of log canonical pairs in terms of arc spaces. 
This characterization is the main tool for our inductive description of singularities. In the 
case when the ambient space is A" (or more generally, a nonsingular variety over K), the 
characterization is given in |Mus] and |ELM] . We need to show that the result extends to 
our present setting, when the ambient variety is X = Spec(i?), with R = Klxi, . . . , x„,]. 

We only consider arcs and jets over the closed point of X, so the corresponding spaces 
can be constructed also from the affine space. Our reference for spaces of arcs and jets for 
schemes of finite type over K is [ELMj . As in the previous section, K is an algebraically 
closed field of characteristic zero. In addition, we assume that K is uncountable, since 
since some results on spaces of arcs from loc. cit. require this assumption. 

Given an arbitrary scheme Y over K, and y with residue field K, the space of 
arcs on Y centered at y is the set of homomorphisms of local ii'- algebras OY,y — > Klt\ 
lifting the morphism to the residue field OY,y — > K. We denote this space by {Y,y)oo- 
It is clear from the definition that ii Y = Spec OY,y, and if y is the closed point of 
Y, then we have a canonical identification {Y,y)ao = {Y,y)oo- In particular, we have 
(X, 0)oo = (A", 0)oo, where we denote by also the origin in the affine space. 
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Similarly, the space of m-jets of (Y, y) is the set of homomorphisms of local K- 
algebras Oy^y — > Kit]/ (t"^^^) that lift the morphism to the residue field. We denote this 
by {Y,y)jn- Note that we have canonical truncation maps 

{Y, -> {Y, -> (F, -> {Y, y), = TyY. 

It is clear the we again have identifications {Y,y)m = {Y,y)m- 

From now on we will be interested in the space of arcs (X, 0)oo that we identify 
as above with (A",0)oo- This space can be further identified to (tKlt])"", such that an 
n-uple . . . , Un) corresponds to the morphism -ft'lxi, . . . , — > Kit} that takes each 
Xi to Ui. We similarly get an identification {X,0)m = (t/'^[t]/t™"'"^A^|t])", such that the 
canonical truncation maps are given by component-wise truncation. We denote by ipm the 
canonical map (X, 0)oo — > (X, 0)m- Note that via the above identifications each {X, 0)m 
has an algebraic structure (it is an affine space of dimension mn), the truncation maps 
are morphisms, and {X, 0)oo = proj lim„(X, 0)™,. 

Recall that a cylinder in is a subset of the form C = 'ipm^iS) for some m > 1, 

and some constructible subset 5" of (tii'[t]/t™"^^J'r[t])"'. We say that C is open, closed, 
locally closed, or irreducible if S is this way (this is independent of the representation 
of C that we choose). If S is locally closed, then the decomposition of 5* as a union of 
irreducible components induces a corresponding decomposition for C. The codimension 
of a cylinder C = ip^^i^S) is defined as codim(C) := (m + l)n — dim(S') (despite the 
fact that we work only in (A", 0)oo, we follow the convention from [ELM], computing the 
codimension in the whole arc space A^). 

As in the previous section, given f E R and 7 G (X, 0)oo that we identify with 
a morphism R — y K\i\, the order of vanishing ord^(/) of / along 7 is ord(7(/)) G 
Z>o U {00}. If C C (X, 0)00 is an irreducible locally closed cylinder, then we put for a 
nonzero f E R 

ordc(/) := min{ord^(/) | 7 G C}. 
It is easy to see that this is finite: if C = ipm^{S), and if ordc(/) = 00, then for every 7 = 
(mi, . . . ,Un) G C, we have f{ui + t"^^^Vi, . . . + = for every Wi, . . . ,f„ G Kit}. 

We deduce using the Taylor expansion that / = 0. Since we have ordc(/) = ord^(/) for 
7 in a suitable subcylinder of C that is open in C, it follows that ordc(/5') = ordc(/) + 
oidcig) for every nonzero f,g E R, and therefore ordc extends (uniquely) to a valuation 
of the fraction field of R, with center at (this means that ordc(/) > 1 if and only if / 
lies in the maximal ideal of R). 

In fact, we have defined more generally ord^(a) for every 7 G (ii'|t])"', and every 
Q-ideal a in i? or in K[xi, . . . We can define as above OTdc{a) for every irreducible 
locally closed cylinder C C (ti^[t])". If o and b are Q-ideals in R, then a < b if and 
only if ord-y(a) > ord^(b) for every 7 G (ti^'lt])'^. A similar assertion holds for Q-ideals in 
K[xi, . . . , Xn] if we evaluate along all 7 G (Kit])". 

A fundamental example of cylinders is given by the contact loci of a given ideal. If 
a is a nonzero Q-ideal in R, then Cont™(a) := {7 | ord^(a) = m}. We similarly define 
Cont-'"(a). It is clear that Cont-'"(a) is a closed cylinder, while Cont'"(o) is a locally 
closed cylinder. 
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We now explain how to relate divisors and cylinders via valuation theory, following 
|ELM] . The key point is that divisors over X centered at can be identified with divisors 
over A"- with center at 0. More precisely: if is a divisor centered at over A", then E 
is a prime divisor on some Y, having a proper, birational morphism to A" that maps E 
to 0. Base-changing via X — y A" gives a prime divisor E on X' := X x js^n Y lying over 
G X. This is the unique divisor E over X such that ordg agrees with ord^; on (9a",o- 
Furthermore, every divisor over X with center at can be written as E for a unique such 
E. 

We note that more generally, there is a bijection between valuations of the function 
field of A*^ with center at 0, and valuations of the function field of X with center at 
given by restriction from R to Oa",o (this is a bijection due to the fact that such valu- 
ations are automatically continuous for the (xi, . . . ,Xn)-adic topology on the respective 
rings). Of course, via this bijection ord^ corresponds to ord^, and if C is an irreducible 
closed cylinder in {X, 0)oo, then ordc corresponds to the valuation associated to C when 
considered as a cylinder in (A", 0)oo- 

Given a divisor E over A" with center 0, for every positive integer m one can 
associate an irreducible closed cylinder Cm{E) C see [ELM] . If i? is a prime 

divisor on some variety Y over A", then Cm{E) is the closure of the image of Cont'"(i?) C 
YoQ in (A", 0)oo- An easy fact that follows from definition is that ordc„(£;) = ^ ■ ord^;. 
It is shown in Theorem 2.1 in loc. cit. that codim{Cm{E)) = m ■ (ord£;(ii'_/A") + !)• 
Furthermore, given any irreducible closed cylinder C in (A",0)oo, there is a divisor E 
over A"' with center at the origin, and a positive integer m such that C C Cm{E) and 
ordc = ordc„(£;) (see Theorem 2.7 and its proof in ibid). By the previous discussion, we 
can translate these results as a correspondence between divisors over X with center at 0, 
and irreducible closed cylinders in (X, 0)oo- 

We now can prove the interpretation of log canonicity of a pair {X, a ■ b~^) in terms 
of the space of arcs. The proof is a small variation on the argument in [ELM] . 

Theorem 3.1. Suppose that K is uncountable, and let a and b be nonzero Q-ideals in R. 

i) The pair (X, o ■ b^^) is log canonical if and only if for every irreducible closed 
cylinder C in (X, 0)oo we have 

ordc7(b) > ordc(a) — codim(C). 

ii) Given Pi, . . . , Pg & R, and a positive integer m, it is enough to check the condition 
in i) only for those C with the property that m\ ordc(-Pi) for every i. 

Proof. Let m be a positive integer, and E a divisor over X with center 0. Since ordc„(E) = 
m ■ ord^;, it follows that 

ordc^(£;)(o) = m ■ ord£;(a), and ordc^(£;)(b) = m ■ ord£;(b). 

On the other hand, codim(Cm(-E')) = m{oidE{K_ix) + !)• Therefore the condition in 
i) for C = Cm{E) (for some m) is equivalent to the condition for the log canonicity of 
(X, ab~^) for the divisor E. We deduce from Proposition 12.21 that the condition in i) for 
every irreducible closed cylinder C in (X, 0)oo implies that (X, ab~^) is log canonical. 
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Since it is enough to use C = Cm{E), with m divisible enough, in which case ordc(Pj) 
also is divisible enough, we get the assertion in ii). 

The converse in i) follows from the fact that given an arbitrary closed, irreducible 
cylinder C, there is a divisor E with center 0, and a positive integer m such that C C 
Cm{E), and the two cylinders define the same valuation. Therefore 

ordc(o) = m ■ ord£;(a), ordc(b) = m ■ ord£;(b), and 

codim(C) > codim(Cm(_E')) = m(l + ord£;(A'_/x))• 
This completes the proof of i). □ 

Remark 3.2. The condition in Theorem 13. II that C be closed is not essential: given any 
irreducible locally closed cylinder C, the condition in i) for C is the same as the condition 
for C. It follows from part ii) in the theorem that given Pi, Pr E R, in order to show 
that {X, a ■ b~^) is log canonical, it is enough to check the condition in i) only for those 
irreducible locally closed cylinders C with the property that m\ ord-y(Pi) for every i, and 
every 7 G C 



4. Orders of symmetric polynomials in the roots 

In this section K denotes an algebraically closed field of characteristic zero. We 
consider polynomials h = y'^ + aiy'^~^ + ■ ■ ■ + a^, with G Kit] for all i. Let ai, . . . , 
be the roots of h. The ai are Puiseux formal power series, lying in where we 

may take N = d\. We denote by Sj the i^^ elementary symmetric polynomial. Therefore 
tti = . . .,ad). 

Lemma 4.1. // b is the Q-ideal in Q[zi, ■ ■ ■ ,Zd], then for every h as above 

we have 

min{ord(ai)} = ord(b(ai, . . . , a^)). 

i 

Proof. We need to show that for every q G ;^Z>o, we have ord(aj) > q for every i, if 
and only if ord(aj) > iq for every i. Since Oj = (— . . . , a^), it is clear that if 
ord(aj) > q for every i, then ord(aj) > iq for every i. Conversely, if ord(aj) > iq for 
every i, then h' := y'^ + Y2i=i'^~^'''^iy^~^ coefficients in /Tlt^/^J. For every i we have 
h{ai) = 0, and since Klt^/^j is normal, we deduce that t^^a, G Klt^^^j- □ 

Remark 4.2. Note that for the equality in the lemma we do not need to assume that 
the two quantities are finite. 

We now fix /c G {1, . . . , d}. If we consider all products ■ . . . ■ a^^, where ji, ■ ■ . ,jk 
are pairwise distinct, then applying to these products gives a symmetric polynomial in 
ai, . . . , ad- Therefore we can write it as Af\ai, . . . , a^), for some A^^^ G Q[zi, . . . , Zd], inde- 

pendent of the ground field K. Consider the Q-ideal bk := J2e=i ) i^ Q[zi, ■ ■ ■ , Zd]- 
Lemma 14.11 implies 
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Corollary 4.3. For every K and h as above, and for every k < d, we have 

min{ord(Q!ji ■ . . . ■ a^J} = ord(bfe(ai, . . . , a^)), 

where the minimum on the left-hand side is over all distinct ji, . . . ,jk G {1, . . . ,d}. 

Remark 4.4. The above procedure is not always the most economical. For example, 
when k = d we see right away that we can take bd = (zd)- 

We are also interested in the following situation: consider {ae — w \ 1 < i < d}, ior 
some w G i^lt^/^]. Note that these are precisely the roots of 



h{y + = / + ^ ajy , 



J = l 



l/l 



where aj = (^d-jy. ' g^d-j ('»^)- Given k, we can write 

for a unique polynomial A^^^ G Q,[zi, . . . , Zd+i]- If we denote by bk the Q-ideal Yli=i (^^k 
then Corollary 14.31 implies 

Corollary 4.5. For every K, h, and w as above, and for every k < d, we have 

min{ord(aj^ — w) ■ ■ ■ (ttjj. — w)} = ord(bfc(ai, . . . , ad, w)) , 

where the minimum on the left-hand side is over all distinct ji, ■ ■ ■ ,jk G {1, . . . ,d}. 

We now use the above ideas to give a criterion for a polynomial to have all its roots 
in Kit}. 

Corollary 4.6. Given d, there are polynomials Pi, . . . , G Q,[zi, ■ ■ ■ , Zd] and a positive 
integer m such that for every K and every polynomial h = y'^ -\- Yl'i=i '^i^"'"* ^ -^"^'Mb]? ^/ 
m divides ord(Pi(ai, . . . , ad)) for every i, then all roots ai, . . . ,ad of h are in Kit}. 

Proof. Let ai, . . . , be the roots of h. Suppose that is a root that lies in i^lt^/^], but 
not in any Klt^/""], with m dividing A^. If we write = h{t^^^), and if r/ is a primitive 
root of order of 1, then h{r]t^^^) is equal to aj, for some j ^ i. In this case ord(aj — aj) 
is finite, but it is not an integer. Therefore all are in Kit} if and only if all ord(ai — aj) 
are in Z U {c>o}. 

Let H be the polynomial whose roots are the (oj — Oj), with i 7^ j. It is clear that 
we may write 

D 

H{y) = y'' + Y,Hau---,ad)y''-\ 

1=1 

for some polynomials bi G Q,[zi, . . . , Zd], with 1 < i < D = {^). Let us order the roots 
(3i, . . . , /3d of if such that 

ord(/3i) < . . . < ord(/3z)) < 00. 
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It follows from Corollary 14.31 that we can find Q-ideals in Q[wi, . . . , wd] such that 

ord(/3i) + . . . + ord(/3fc) = ord(cfc(6i(a), . . . , boia))). 

For some positive integer m, we can write = {Qk,i{w), . . . ,Qk,rk{^)Y^"^ fo^ every k. 
We see that m, and the set consisting of all the polynomials Qijipi, . . . .ho) satisfy the 
condition in the corollary. □ 



We give below a different way of computing the minimum in Corollary 14.31 This can 
be useful in practice, having the advantage of being more explicit. It is essentially the 
expression that comes out of the Newton method (see [Kobj . §IV.3). 

Given k < d, and not necessarily distinct ii,...,ik G {l,...,d} with im ^ k — 
m + 1 for every m G {1, . . . , k}, we consider the Q-ideal M(ii, . . . ,ik) ■= Yim=i i'^im)''"' 
in Q[2i, . . . , 2d], where jm = i^-k+m ' I\d=i ('^^^^ ^'^^^ ^'^is Q-ideal is a rational 

power of a principal monomial ideal). We put bk '■= X] ■ ■ ■ I'^k)-, the sum being over 
all (zi, . . . ,ik) as above. Note that bi is equal to the Q-ideal b defined in Lemma [4.11 

Proposition 4.7. Let h = y'^ + Yli=i (^iV'^"^ ^ -^WM) having the roots ai, . . . , a^. For 

every k with 1 < k < d, we have 

min{ord(aj, ■ . . . ■ a^J} = ord(bfc(ai, . . . , a^)), 
where the minimum on the left-hand side is over all pairwise distinct ji, ■ ■ ■ ,jk G ■ ■ ■ ,d}. 

Proof. Let qi = ord(ai). We may assume that the roots of h are labeled such that qi < 
■ ■ ■ < qd- We prove the assertion by induction on k, the case k = 1 being covered by 
Lemma 14.11 In order to prove the induction step, it is enough to show the following 
equality 

For ([1]), note that if k < i < d, then 

i 

(2) qi + ... + qk-i + {i-k + l)qk < ^ < ord(ai). 

j=i 

Moreover, if i is chosen such that qk = ■ ■ ■ = qi < qi+i (if qk = qd, then we take i = d), 
then both inequalities in (|2]) become equalities. These two facts imply the formula ([1]). □ 

In the case k = d — 1, one can use directly the formula in Lemma [4.11 to obtain a 
more compact expression. This in turn can be used to describe the maximum of the order 
of the roots of /. 

Corollary 4.8. // c is the Q-ideal J2i=ii^d~iY^\zdY^~^^^^ in Ql^i, ■ ■ ■ ,Zd], then for every 
polynomial h = y'^ -\- J2i=i (^iV'^"^ ^ -^"^MM ^■5 above, with roots ai, . . . , ad, we have 

i) mini l^■^^oTd{aj)> = ord(c(ai, . . . , Cd)). 
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ii) maXj{ord(aj)} = ord(ad) — ord(c(ai, . . . ,arf)). 

Proof. Let (3e := Uj^e^^j = (-l)"*^- Note that we have Si{(3i, . . . , (3d) = ±(arf)*-^ad_i for 
1 < i < d, where we put = 1. The formula in i) is then a consequence of Lemma [4.11 
Note that the expression in i) is equal to ord(ai ■ . . . ■ ad) — maxj{ord(aj)}, hence we get 
the formula in ii). 

□ 



In the next section we will make use of the following proposition that shows how to 
take the maximum of expressions as in Corollary 14. 5 [ when we let w vary over all ctj. 

Proposition 4.9. Given a Q-ideal b in Q,[zi, . . . ,Zd-\-i], there are Q-ideals b+ and b_ in 
Q[zi, . . . , Zd] such that for every K and every h = y'^ + J2i=i '^iU'^''' ^ -^'MM? ""^^^^ roots 
ai, . . . , ad, we have 

max{ord(b(ai, . . . , a^, a^) | 1 < z < d} = ord(b+(ai, . . . , ad)) — ord(b_(ai, . . . , ad)) 
{we follow the convention that oo — oo = oo). 

Proof. We use the idea in the proof of Corollary 14. 8[ For every k & {1, . . . ,d} we put 

k 

Afc(ai, ...,ad)= min {ordTT b(ai, . . .,ad,ajj}, 

the minimum being over all distinct ji, . . . ,jk ^ {1, . . . ,d}. Since 

max{ord(b(ai, ■ ■ ■ ,ad,ai) \ 1 < i < d} = Xd{ai, . . .,ad) - Ad_i(ai, . . .,ad), 

i 

we see that in order to prove the proposition it is enough to show that for every k, there 
is a Q-ideal Ck in Q[zi, . . . , Zd] such that Xk{ai, . . . ,ad) = ord(cfc(ai, . . . , a^)) for every 
ai, . . . ,ad G Kltj. 

Let us put a = (ai, . . . , ad). If b = (Pi, . . . , Pr)'^, we see that 

Afc(ai, . . . ,arf) = ■ min{ord(Pi, (a, J ■ . . . ■ P^^ (a, a^J)}, 

where the minimum is over the distinct ji, ■ ■ ■ ,jk £ ■ ■ ■ ,d}, and over the not necessarily 
distinct ii, . . . ,ik in the same set. Note that every symmetric function of all the Pj^ (a, a^J ■ 
. . . ■ Pj;,(a, aji^) can be written as a polynomial with rational coefficients in ai, . . . , and 
the symmetric functions in ai, . . . , ad, hence just as a polynomial in the a^'s. The existence 
of Cfc is now a consequence of Lemma 14. 1[ □ 

Remark 4.10. It follows from the above proof that we can find b+ and b_ as in the 
statement of Proposition 14.91 such that for every K we have 

b+K[zi, ...,Zd]< ib^K[zi, . . . , Zd])^' . 
Indeed, for this it is enough to show that for every ai, . . . , G A'|t], we have 

ord(b+(ai, . . . , ad)) > -7-^ ■ ord(b_(ai, . . . , a^). 
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In order to see this, note that if ai, . . . ,ad are the roots of + X]f=i ^ind if we 

label the at such that 

ord(b(ai, . . . , a^, ai)) < . . . < ord(b(ai, . . . , a^, ad)), 

then Arf_i(ai, . . . , a^) = X]f=i ord(b(ai, . . . , a^, a^)) < (rf - 1) ord(b(ai, . . . , a^, a^)), which 
implies 

Ad(ai, . . . , ad) = Ad-i(ai, . . . , a^) + ord(b(ai, . . . , a^, a^)) > ^ ■ Ad„i(ai, . . . , a^). 
This gives our statement. 

We now deduce the following corollary, that will be applied in the next section to 
get the inductive description of singularities of pairs. 

Corollary 4.11. For every positive integers d and k, with k < d, and every nonnegative 
rational numbers Ci, c^, there are Q-ideals p+ = p+((i, /c, Ci, C2) and p_ = p^{d,k, 01,02) 
in Q[zi, . . . , Zd] such that for every K we have 

i) p+K[xi,...,Xd] < {p^K[xi,...,Xd])^. 

ii) For all (ai, . . . , a^) G if cui, . . . ,ad are the roots of y'^ + Ylt=i '^iy'^~\ then 

d 



(k-i \ / k 

I I i^ji ~ cti) 1 + C2 ■ min ord III 



= ord(p+(ai, . . . , Od)) - ord(p_(ai, . . . , a^)), 
where each minimum on the left-hand side is over distinct elements of {1, ... ,d}. 

Proof. Using the notation in Corollary 14. 51 we define the following Q-ideal in Q[2;i, . . . , Zd] 

P := (bfc_i)^^ ■ (bfc)^^ 

It follows that maxj{ord(p(ai, . . . ,ad))} is equal to the left-hand side of the formula in 
the statement. Applying Proposition 14.91 and Remark 14.101 for p, we get the Q-ideals p+ 
and p_ with the required property. □ 

Remark 4.12. If in the corollary we write p+ = J'^, then J C [xi, . . . , Xd), unless 02 = 0, 
and either = 1, or ci = 0. Indeed, if G tKlt] for all i, then ord(aj) > for every 
j, by Lemma [4. 1[ If J ^ (xi, . . . ,Xd), then the expression on the right-hand side in ii) is 
non-positive, and the one on the left-hand side is positive, unless 02 = 0, and either ci = 
OT k = 1. 

Example 4.13. With the notation in Corollary I4.1H suppose that k = 1. We claim that 
if Oi = 0, then for every i we have minj{ord(aj — ai)} = minj{ord(aj)}. Indeed, the 
inequality ">" is clear, and the opposite inequality follows from Yl'j=ii^j ~ ^i) ~ ~dai. 
We deduce from Lemma [4. II that if ai = 0, then 



max < c ■ min{ord(ao —Cii)}\= ord(b'^(a2, . . . , cLd)), 
i y j J 

where b = ^j=2('^i)^^''' ^^"^ c is a positive rational number. 
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Example 4.14. Let h = + ay + b, with a, 6 G KltJ, and let ai, a2, and be the roots 
of h. After relabeling the roots, we may assume that 

ord(ai — 0:2) = ord(ai — a-s) < ord(Q;2 — 03). 

If we fix i, then the {aj — ai), with 1 < j < 3, are the roots of 

h{y + ai) = y^ + Saiy"^ + (a + 3a'^)y. 

Therefore ordnjyj(«i — ca) = ord(a + 3af). 

It is a straightforward computation to show that the (a + 3af), with 1 < i < 3, are 
the roots of 

y^ + 3ay^ - Af, = 0, 

where Ah is the discriminant of h, that is, A^, = 4a^ + 276^. Since Ah = ±(ai — a2)^(tt2 — 
tt3)^(tt3 — we deduce that 

ord(Q;2 — tts) = max{ord(aj — a,)} = ord |T(aj — aA — min{ord(a + 3a^)} 

= ^ord(A,) - min |ord(a), ^ ord(A,)| = ord((A,)i/2) - oY^{{a\\?fl^). 

Since 2ord(ai — 0^2) + ord(a2 — as) = |ord(A/i), we see that 
ord(ai — ^2) = ord(ai — 03) = ord((a'^, 6^)^^^). 

Let us consider for h the situation in Corollary I4.1H with k = 2. In this case 
lax^ ■ nunord(aj — ai) + C2 ■ ord — a-t)^ ^ ~ ""^ ord(ai — 0:2) 

+C2ord ((«! - a2)(«2 - ^s)) = ord(p+(a, h)) - ord(p_(a, 6)), 
where the Q-ideals p_|_ and p_ in Q[n, v] are given by 

(4n3 + 27i;2)f ^ if C2 > Ci; 

(4n^ + 27t;^)^ ■ ifc2<Ci. 



max 

i 



+ 



[u'', ir) 6 , it C2 > ci; 
Q[u, t;], if C2 < ci. 

Note that in this case we preferred to follow a slightly simplified procedure for obtaining 
p+ and p_, from the one described in the proof of Corollary 14.111 

When = 1, the situation is simpler: we have 

max < Co ■ minordfa,- — a,,) \ = Co ordfai — ao), 

i=l,2,3 \ j^i ^ ' ] 

and we may take p+ = (m^, ?;^)'^2/6^ q^^^ ^ _ Qj^^^^^]. 
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For future reference, we state one more consequence of Corollary 14. 5[ Given any 
K[t^/% and any h 
of h are labeled so that 



w G i^lt^/^], and any h = y'^ + X]f=i ^iV'^ "^^ P^^ — OTd{ai — w), where the roots 



ord(ai — w) < . . . < ord(arf — w) = oo. 

Corollary 4.15. For every k < d, there are Q-ideals p^^ and p^'' in Q[zi, . . . , Zd+i], such 
that for every K , every ai^ . . . ^a^ E K\t\, and every w E Klt^^^], we have 

ord(afc -w) = ord(pf Vi. • • • , ^d, w)) - ord(pL*'^(ai, . . . , a^, w)), 
where ai, . . . , are the roots of y'^ + Yl'i=i (^iy^~\ ordered as described above. 

Proof. By the definition of we have 

bk = min {ord(ajj — w) ■ ■ ■ {aj^ — w)} — min {ord(aj^ — w) ■ ■ ■ — w)}, 

where both minima are over distinct elements of {1, . . . ,d}. With the notation in Corol- 
lary we see that we may take p^^ = bk, and p^^ = bfc_i. □ 

We end this section with two more propositions that will be needed in the proof of 
our main results. In both statements we consider an irreducible locally closed cylinder T C 
and Q-ideals b, qi, . . . , in Q[zi, . . . , Zd+i]. For every a = (ai, . . . , a^) G T, we 
consider the roots of y'^+Ylf^i ci£y'^~^, that we denote by ai(a), . . . , ^^(a) to emphasize the 
dependence on a. We assume that these roots are in Klt\ (hence in t-ft'lt], by Lemma [4. II) 
for every a E T. 

Proposition 4.16. With the above notation, if there is a E T with 

max{ord(b(ai, . . . , a^, aj{a)))} < oo, 

j 

then there is a subcylinder T° ofT that is open in T , and Ni, . . . ,Nr G Z>o U {oo} such 
that for every a = (ai, . . . , a^) G T° , there is i with 

ord(b(ai, . . . , a^, ai{a))) = max{ord(b(ai, . . . , a^, aj{a)))}, 

j 

and ord(q£(ai, . . . , a^, ai{a))) = Ni for £ = 1, . . . ,r. 

Proposition 4.17. With the above notation, if we have for every a E T 

max{ord(b(ai, . . . , a^, a,(a)))} = oo, 

j 

then for every positive integer L there is a subcylinder T° of T that is open in T, and 
Ni,...,Nr E Z>o U {oo} such that for every a = {ai, . . . ,ad) E T° , there is i with 
ord(b(ai, . . . , a^, ai{a))) > L and ord(q£(ai, . . . , a^, ai{a))) = for i = 1, . . . ,r. 

Before proving the propositions, we make some preparations. Recall the following 
well-known fact. 

Lemma 4.18. Let f = y'^ + Yl'f^iaiy'^~\ and g = y'^ + Yli=i^iy'^~^ ^ '^^^^ alloi, bi E K^\, 
and such that ord(ai — bi)>N for all i. If ai, . . . , are the roots of f , and if (3 is a root 
of g, then there is i such that ord(/3 — > 4-. 
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Proof. For every i, the order of 

d d 

n(/3 - «.) = = - gm = - 

i=l j=l 
is > N, hence ord(/3 — a^) > ^ for some i. □ 

We introduce some notation that will be used in the proofs of Propositions 14. 16] and 
14171 Let 

$: {tK[t])' {tKltj)\ $(«!,...,«,) = (-Si(a),...,(-l)'^s,(a)), 

where is the i^^ elementary symmetric polynomial. If S* = $~^(T), then S* is a locally 
closed cylinder, and our assumption implies that the induced map S — > T is surjective. 

We also have induced maps {tKlt}/t"'+^ Kltjf . If 

and Srn are the images of T and S, respectively, in {tKltj/f^+^Kltjf, and if m > 0, 
then Sm = ^^{Tm), and the induced map Sm — > T^. is surjective. 

It follows from Proposition 14.91 that there are Q-ideals b+ and b_ in Q[zi, . . . , Zd] 
such that 

max{ord(b(ai, . . . , a^, aj{a)))} = ord(b+(ai, . . . , a^)) — ord(b_(ai, . . . , ad)) 
j 

for every a E {K[tl)'^. Let b+ and b_ be the Q-ideals in Q[zi, . . . , Zd] such that b+($(a)) = 
b(a) and b_($(a)) = b_(a). 

Proof of Proposition \4^T^ By assumption, there is a G T such that ord(b+(a)) < oo and 
ord(b_(a)) < oo. After replacing T by a subcylinder open in T, we may assume that 
ord(b4.(a)) = 6+ and ord(b_(a)) = 6_ for all a G T. 

For every j and every a G S*, we have ord(b($(a), aj)) < — b^, and the set Sj of 
those a for which this is an equality is a subcylinder of S that is closed inS*. Since S is 
contained in [Jj Sj, if S' is an irreducible component of S that dominates T, then there is 
i such that S' C Sj. Let 5"' be a subcylinder of 5", open in S', and Ni, . . . ,Nr such that 
ord(qj($(a), Oj)) = Nj for every a G 5"', and every j < r. 

Consider m ^ 0, so in particular m 3> — 6_) and m ^ rfA'^- for every j. If 
is the image of S" in then (^miS'^,) is constructible, and dense 

in Tm, hence it contains an open subset of T^. We claim that the inverse image T° 
of in (ti^ltj) satisfies the conditions in the proposition. Indeed, if a G T°, then 
there is a' G T having the same truncation mod {t"^^^), and for which there is a root 
/?' of y'^ + Ej=i«jy'^"^ with ord(b(a',/3')) = b+ - and ord(qj(a', /?')) = Nj for every 
j. It follows from Lemma [4.181 that we can find a root /3 of y'^ + X]j=i '^i?/'^""' such that 
ord(/3— > {m+l)/d. In this case we also have ord(b(a, /?)) = b+—b- and ord(qj(a, = 
Nj for every j. □ 



Proof of Proposition -^.i?, The argument is entirely analogous to the one in the previous 
proof. Since the set Sj consisting of those a E S such that ord(b($(a), Oj)) > L is a 
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subcylinder of 5" that is closed in S, it follows that if S' is an irreducible component of S 
that dominates T, then there is i such that S' C Si. We have a subcylinder S" of S' that 
is open in S', and Nj for j < r such that ord(qj($(Q;), = A'j- for every a G 5*", and 
every j < r. Using S" we get a subcylinder T° of T, open in T, following the argument 
in the proof of Proposition 14.161 □ 

5. The inductive description of singularities of pairs 

In order to motivate our inductive description of log canonical pairs, we start by de- 
scribing its connection with Shokurov's Conjecture 11.21 Let us fix an algebraically closed 
field K of characteristic zero. We first restate Question 11.11 using the terminology intro- 
duced in §2. 

Question 5.1. Given integers n,d > 1 and a positive rational number c, is there a Q-ideal 
P = Pn,d,c in K[zi, . . . ,Zd] with the following property: for every f = y"^ + SiLi (^i{x)y'^~\ 
with tti G A'lxi, . . . , Xn} of positive order, we have 

(Spec -ft'lxi, . . . , Xn, y}, f^) is log canonical if and only if 

(Spec . . . , Xn}, p(ai, • • • , CLd)) is log canonical? 

Before explaining the connection of this question to Conjecture II. 2[ we make some 
general considerations. Suppose that n > 1 is fixed, and consider a nonzero / G -R = 
Klxi, . . . ,Xn,y}, with ord(/) > 1. Set X = Spec(-R). Note that the condition lct(/) > 
c is independent of the coordinates, or of multiplying / by an invertible element. If 
/(O, . . . , 0, 1) is nonzero, and its order is d, then by the Weierstrass Preparation The- 
orem / can be written as u ■ g, where u is invertible, and g is a. Weierstrass polynomial in 
y. Since we are free to replace / by g, we may assume that / is a Weierstrass polynomial 
in y, that is, 

d 

(3) / = / + ^a,(a;i,...,a:„)/-\ 

i=l 

for some ai,...,ad G . . . , each having positive order. Hence, after a linear 

change of coordinates, we can always assume that / has this form, and in fact, that 
d = ord(/). 

Proposition 5.2. Fix n > 1, and suppose that Question \5.1\ has a positive answer for n, 
and for every d and c. If Conjecture holds for n, then it also holds for n + 1. 

Proof. It is known that the set l-LTn+i can also be described as 

(4) HTn+i = {lct(/) I / G K[x^, ...,Xn,ylf^ O,ord(/) > 1}. 

Furthermore, this set is independent of the algebraically closed field K (for these two 
facts, see Prop. 3.2 and 3.3 in |dFM] ) . In particular, after possibly extending K, we may 
assume that it is uncountable. 

The main idea in the proof is the same as in loc. cit., Prop. 5.2. Suppose that we 
have a strictly increasing sequence Cm = lct(/m), with G -ft'lxi, . . . , Xn, y] nonzero and 
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of positive order. Let c = lim^ yoo^m- It follows from Theorem 1.3 in loc. cit. (see also 

Thm. 29 in jKoIT] ) that c G Q. 

Note first that the set of all orders ord(/m) is bounded. Indeed, each log canonical 
threshold is positive and since this is an increasing sequence, we can choose a positive 
e such that e < lct(/m) for every m. On the other hand, if fm G m^, where m = 
(xi, . . . ,Xn,y), then lct(/m) < lct(m^) = We deduce that if is such that ^ < e, 
then ord(/m) < for every m. After possibly replacing our sequence by a subsequence, 
we may assume that ord(/m) = d for every m. 



It follows as above, by the Weierstrass Preparation Theorem, that we may assume 

i=l 

. . , XnJ of positive order. For every positive rational number r, let 




, ad) E {Klxi, . . . , Xn])'^ I ord(ai) > 1 for alH, let j y'^ + a.j 



i=l 




> T 



In order to get a contradiction, it is enough to show that every such set is a cylinder, 
that is, it is the inverse image of a constructible set by some projection (i^lxi, . . . , Xn})'^ — > 
{Klxi, . . . , Xn}/ (xi, . . . , Xn)^Y- Indeed, then we have the sequence of cylinders 

A,d(Cl) D An,d{c2) D . . . D Pi Aj,d(Cm) = An,d{c). 

m 

By assumption, all these inclusions are strict, and since K is assumed uncountable, this 
contradicts a basic property of cylinders: a decreasing sequence of cylinders with empty 
intersection is eventually empty (the proof in our context follows verbatim the proof of 
Lemma 1.2 in |ELMj ). 

Suppose now that that Question 15.11 has a positive answer for n, d and r, with 
p = (Pi, . . . , PrY- We can then rewrite 

An4{r) = |a = (ai, . . . , a^) G {K[xi, . . . | ord(ai) > Ifor alH, lct(Pi(a), . . . ,Pr(a)) > g| 

and we need to show that if Conj ecture 11.21 holds in dimension n, then this set is a cylinder. 
On the other hand, the map 

(Pi, . . . , P^) : ((Xi, . . . , Xn)K[xi, ...,Xn\f-^ {K[xi, . . . , Xn\Y 

pulls-back cylinders to cylinders, hence it is enough to show that the set 

Sn,r(g) = {{gu ■■■,9r) E i^lxi, . . . , XnjY \ lct{gi, . . . , g^) > q} 
is a cylinder in (-ft'lxi, . . . , Xn])*". 

Since Conjecture 11.21 holds in dimension n, the set 

rn:={lct(J) I Jci^'Ixi,...,xJ,ord(J) > 1,7^^ (0)} 

also satisfies ACC. Indeed, every element in this set can be written as n ■ \ct{g), for some 
g e -fi'lxi, . . . ,x„] (for this fact, see Prop. 3.5 and 3.3 in |dFM] ). Therefore we can find 
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6 > such that Tn contains no real number in the interval {q — S,q). On the other 
hand, it follows from Corollary 2.11 in loc. cit. that if M is a positive integer such that 
< 6/2, and if Ji and J2 are ideals in Kl 1 that induce the same ideal in 

-fCl^i, . . . . . . ,Xn)'^'^, then lct(Ji) — lct(J2)| ^ jj < 6/2. In particular, we see that 

lct( Ji) > g if and only if lct( J2) > 2. Therefore the set Bn^rio) is the inverse image of a set 
in (-ft'lxi, . . . , . . . , XnY^Y ■ "^^^ ^^^^ ^^^^ ^^^^ open is then a consequence of 

the semicontinuity of log canonical thresholds (see, for example, Thm.4.9 in |Mus] ) . We 
conclude that Bn,r{q), hence also An,d{T), is a cylinder. This completes the proof of the 
proposition. □ 



We now state our main result, but let us first set some notation. Suppose that c is a 
positive rational number. We are interested in whether lct(/) > c for a given formal power 
series / with 1 < ord(/) < d. Note that for every such / we have ^ < lct(/) < 1 (the first 
inequality is well-known in the finite type case, see Lem. 8.10 in |Kol2] . and in our case 
can be deduced via Prop. 2.5 in [dFMj ). Therefore we may assume that ^ < c < 1. Let 
p e {1, . . . , ci — 1} be such that 

(6) < c < 



d — p + 1 d — p 

We apply Corollary 14. 1 1 1 with k = p, ci = 1 — {d — p)c, and C2 = {d — p + l)c — l to get the 
Q-ideals p+ and p_ in Q[zi, . . . , Zd]. Note that our assumptions imply ci > and C2 > 0. 

Theorem 5.3. Fix an integer d > 1, an integer p with I < p < d — 1, and a rational 
number c satisfying (6). For every [algebraically closed, characteristic zero) field K , and 
every ai, . . . , G K\xi, . . . , x„] of positive order, if f = + X]i=i (^iy'^~\ then lct(/) > c 
if and only if (Spec -R'lxi, . . . , x„,], p+(ai, . . . , ad)p_(ai, . . . , ad)~^) is log canonical. 

Remark 5.4. It follows from our definition and Corollary 14.111 i) that for every K we 
have 

p+K[z^, ...,Zd](^ {p-K[zi, . . . , 2;^])^ . 

Remark 5.5. Note that by definition, the condition that the pair 

(Spec J'rixi, . . . ,x„],p+(ai, . . . ,ad)p_(ai, . . . ,0^)"^) 

in the theorem be log canonical implies that the two Q-ideals p+(ai, . . . , a^) and p_.(ai, . . . , a^) 
are nonzero. 

Example 5.6. Let us now describe explicitly the case c? = 3. After a change of coordinates 
of the form y' = y — g{x), we may write / = y^ + a{x)y + b{x), with a, 6 G -R'lxi, . . . , x„] of 
positive order. Recall that we denote by Aj the discriminant 4a{x)^ + 27b{x)^. It follows 
from Theorem 15.31 and Example 14.141 that lct(/) > c if and only if 

^Spec i^lxi, . . . , xj, (a(x)^, 6(x)^)~^ j is log canonical , when|<c<|; 

^Spec . . . , {AfY~^ ■ {a{x)^, b{xY) ^ j is log canonical , when \ < c <1. 

Note that the pair that appears in our condition is not effective if c G (|, l] • 
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Example 5.7. A simple case is when ^ < c < -^j^. After a change of variable, we 
may assume that ai = 0. In this case Theorem 15.31 and Example 14.131 imply that if 
f = y<^ -\- ^^^2 Ciiy'^ \ with all Oj G i^lxi, . . . , Xn} of positive order, then lct(/) > c if and 
only if 

(Spec Klxi, . . . , x„], p(a2(x), . . . , aaix))^'^"^) 
is log canonical, where p = Ylt=2i^iy^^ ■ 
Remark 5.8. Recall that our goal is to understand the set 

|(ai,...,ad) E iKlxi,...,x4)^ \ ord(ai) > 1 for alH, let + a.y''^^ j > r 

where r is a fixed positive rational number. Since lct(/™) = lct(/)/m, after replacing d 
and T by md and r/m, for a suitable m, we see that it is enough to describe such a set 
when T is of the form i, with q G {1, . . . ,d — 1}. In this case, in Theorem 15.31 we have 
Ci = 0, and the condition for p_|_ and p_ becomes substantially simpler. 

We now show that the statement of Theorem 15.31 is strong enough to give Conjec- 
ture [L2] in dimension two (see |Sho] . [PSj . and |FJ] for other proofs of this case of the 
conjecture). 

Corollary 5.9. Conjecture \1.2 holds for n = 2. 



Proof. Arguing as in the proof of Proposition 15.21 we see that it is enough to show the 
following: given (i > 1, a positive rational number r, and an uncountable algebraically 
closed field K of characteristic zero, the set 

^2,d(r) := |(ai, . . . ,ad) G (i^[x])'' | ord(a,) > Ifor alH, let + J^a^^-'j > r 

is a cylinder in (ii'|x])'^. Let us apply Theorem 15.31 for d and r to get the Q-ideals 
p+ = (Pi, . . . , PrY and p„ = (Qi, . . . , QsY in Q[-Zi, . . . , -z^]. By Remark [5^ we have 

(7) P+K[z^, ...,Zd]< {V-K[zi, . . . , 2;^])^ . 

Note that if ai, 02 are Q-ideals in we have (Spec ^102^) log canonical if 

and only if ord(ai) — ord(a2) < 1. Therefore we can describe A2,d{T) as the set of those 
a = (ai, . . . ,ad) G (ii'|x])'^ with ord(ai) > 1 for all i, and such that 

(8) p ■ ord(Pi(a), . . . , Pria)) - q ■ oid{Qi{a), . . . , Q,(a)) < 1. 
On the other hand, ([7]) gives 

dq 

p ■ ord(Pi(a), . . . , Pr{a)) > -j—^ ■ OTd{Qi{a), Qs{a)) 

for every a G (-ft'|a;])'^. This implies that in order to have (IHj), we need ord{Qi{a), . . . , Qs{<^)) < 
and therefore also ord(Pi(a), . . . , Pr(a)) < ^. In particular, there are only finitely 
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many possibilities for ord(Pi(a), . . . ,Pr{a)) and ord((5i(a), . . . ,Qs{a)) such that ([8]) holds. 
Since for every pair the set 

{a = (ai, ...,ad)e | ord(Pi(a), . . . , P,(a)) = ord(gi(a), . . . , Qs{a)) = j} 

is clearly a cylinder, it follows that A2,d{T) is a cylinder. □ 

Before giving the proof of Theorem 15. 3[ we make some preparations. In light of 
Theorem 13. H in order to decide whether lct(/) > c, we need to estimate the codimension 
of the set of those {ui, . . . , Un, w) G with ord(/(Mi, . . . , Un, w)) = m. The key 

idea in our approach is to first plug in n-uples u = {ui, . . . , m„) G (tJ'i'lt])" to get h{y) := 
f{u,y) G and then analyze the condition on w G tKltJ to get ord(/i(w)) = m. 

Note that /i is a polynomial with formal power series coefficients to which we can apply 
the considerations in the previous section. 

We now fix / given by (E]), with the Oj in -ft'lxi, . . . , Xn} of positive order. At this point 
let us fix also u = . . . , m„) G (tKlt])"-, and let ai, . . . , be the roots of h = f{u, y), 
hence 

d 

h = Yliy - ai). 

i=l 

Using the notation in Corollary 14.61 we assume that the order of Pi{ai{u), . . . ,ad{u)) is 
divisible by m for i < r (due to the second assertion in Theorem 13.11 this assumption will 
turn out to be harmless). Therefore ai,. . . ,ad G Kltj. In fact, they lie in t-ft'lt], since 
they have positive order by Lemma [4. 1[ 

Lemma 5.10. With the above notation, the following hold: 

i) For every i with 1 < i < d, and every w G we have 

d 

(9) ord(/(n, w)) > min{ord(u; — ctj), ord(aj — 

i=i 

ii) If i is such that ord(w — a^) = maXj{ord(w — then the inequality in (0) is 
an equality. 

iii) For every i with I < i < d, and every q > 1, the set of those w G with 
q = OTd{w — Oi) = maXj{ord(ty — aj)} is a locally closed cylinder in KftJ of 
codimension q. 

Proof. It is clear that ord(/(u, w)) = Yl'j=i OTd{w — aj). Since 

(10) ord(w — aj) > min{ord(w — a^), ord(aj — aj)}, 

we get i). Moreover, if i is such that OTd{w — ai) > ord(u; — aj) for every j, then in 
ffTOj) we have equality. This gives ii). For iii), note that if aj = J2m>i^j,"it"^ and if we 
write w = ^^>i Cmt"^, then the condition ord(w — ai) = q > ord(w — aj) for every j is 
equivalent to 

form < g - 1, andc, ^ Cj^gfoi those j with ord(ai - aj) > q. 
The set of such w is a locally closed cylinder in Klt\ of codimension q. □ 
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We can now give the proof of our main result. 



Proof of Theorem \5.3[ . Fix K and ai, . . . , G /"^[xi, . . . , xj of positive order. Let / = 
y'^ + Yl'i=i'^iy'^~^ ■ For every u G we denote by ai{u), . . . ,ad{u) the roots of 

f{u,y). Since a pair is log canonical over K if and only if it is log canonical over a field 
extension of K, we may assume that K is uncountable. 

We first assume that the pair (Spec -ft^fxi, . . . , p+(ai, . . . , arf)p_(ai, . . . , o-d)"^) is 
log canonical, and prove that lct(/) > c. By Theorem 13.11 it is enough to show that 
for every irreducible locally closed cylinder C C we have codim(C) > c ■ 

ordc(/). Of course, in order to check this inequality we can always replace C by a suitable 
subcylinder that is open in C. 

It follows from the statement of Theorem 13.1 1 that given finitely many nonzero power 
series in -ft'lxi, . . . , x„+i], after possibly replacing C by a subcylinder open in C, we may 
assume that for every 7 G C, the order of 7 along each of these power series is constant, 
and divisible enough. In particular, we may assume that for every [u, w) G (tA'|t])" xt/i'lt] 
that lies in C, we have ord(/(u, w)) = m = ordc(/), and ord(p+(ai(u), . . . , ad{u))) = (3+ 
and OTd{p_{ai{u), . . . ,ad{u))) = f3_. By a similar argument, using also Corollary 14. 6^ 
we may assume that for every {u,w) G C, all lie in Kit}. Furthermore, applying 

Corollary 14.51 for k = d and k = {d — 1), we may also assume that for all {u,w) G C, 
we have maxj {oTd{aj{u) — w)} = q, for some q G Z>o (note that q is finite: otherwise 
f{u,w) = for every {u,w) G C, which would force / to be zero). 

Let now be large enough, so that C is the inverse image of Cn ^ (ti^[t]/t^i^[t])""'~^. 
Let C'^ C (ti^[t]/t^/r[t])" be the image of by the map induced by the projection onto 
the first n components. Since we may assume that > g, it follows from Lemma [5.101 iii) 
that for every u G C'^, the fiber of C^v over u has dimension < N — q. Therefore we have 

codim(C) = N{n + 1) - dim(C^) > N{n + 1) - {N - q) - dim(C;^). 

It follows that in order to guarantee codim(C) > cm it would be enough to have 

(11) codim(C") > cm — q, 

where C C (t/Tlt])"- is the inverse image of C^. 

Claim. If M G C", then 
(12) 

max < ci ■ min ord ( TT(«7,,(m) — ««(«)) | + C2 • min ord ( TT («,•,(«) — ««(«)) | > > cm—q 

(recall that Ci = 1 — {d — p)c and C2 = {d — p + l)c — 1). Indeed, note first that if the 
left-hand side of (fT2|) is infinite, then there is nothing to prove. Otherwise, this is equal 
to ord (p+(ai(M), . . . , ad{u))) —ord (p_(ai(M), . . . , ad{u))), and both these orders are finite. 
We see that if is larger than cm — q, then in order to check fll2p we may replace 

u by some u' that has the same image modulo , hence we may assume that for some w 
we have (m, w) G C. 
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Let i be such that ord(w — ai{u)) = q. It follows from Lemma [5.101 that 

d 

(13) m = ord(/(u, w)) = min{ord(aj(u) — aj{u)), q}. 

i=i 

Let us order the oYd{ai{u) — aj{u)), for 1 < j < d, as bi <...< bd = oc. Suppose 
that r is such that br < oo, and 6^+1 = oo (hence < r < — 1, with the convention 
that bo = 1). Let k G {0, ...,r} be largest with b^ < q. We deduce from fll3p that 
m = bi + ...+bk + {d- k)q. Note that /?+ - /?_ > Ci(6i + ■ ■ ■ + + 03(61 + ■ ■ ■ + &p), 
and since C2 > 0, we have bp < 00. Moreover, in order to show (1121) it is enough to show 

ci(6i H h &p-i) + C2{bi-\ \-bp) > cm - g, 

which is equivalent to 

(14) c{bi + ■■■ + Vi) + -p)-l)bp> c(6i + ■ ■ ■ + 6fc) + {c{d - k) - I) q. 

By our choice of p, the right-hand side of ( fT4l) is weakly increasing in g for A; < p — 1, 
hence for q G [bk, fefc+i) it is < c(6i + ■ ■ ■ + 6fc) + ((rf — A;)c — 1) bk+i- This expression, in 
turn, is weakly increasing in k when k < p — 1: the inequality 

c{bi + --- + bk) + {c{d -k)-l) bk+i < c{bi + ■■■ + bk+i) + {c{d - - 1) - 1) &fe+2 

follows from b^^i < bk+2 and c{d — A;— 1) — 1>0, which holds for k < p — 2. Hence we get 
( |T4|) when k < p — 1. A similar argument gives ( fT4|) also for > p: in this case, the right- 
hand side of ( fT4|) is weakly decreasing in q, hence it is < c{bi+. . .+bk-i) + {c{d—k+l) — l)bk. 
On the other hand, for k > p this expression is weakly decreasing in k, hence attains its 
maximum for k = p. This completes the proof of our claim. 

By definition, the left-hand side of (fT2|) is equal to 

oidc'{p+{ai{u), . . . , ad{u))) - oidc'{p-{ai{u), . . . , ad{u)). 

Since the pair {Spec Klxi, . . . ,x„],p+(ai, . . . ,ad)p_(ai, . . . ,ad)~^) is log canonical. Theo- 
rem [3]T] and the above claim imply that codim(C") > cm — q, and as we have seen, we get 
codim(C) > c-ordc(/). Since this holds for every C as above, we conclude that lct(/) > c. 

We now prove the converse. Suppose that lct(/) > c. Arguing by contradiction, 
let us assume that the pair (Speci^l^i, . . . ,a:„],p+(ai, . . . ,ad)p-{ai, . . . ,ad)~^) is not log 
canonical. We first consider the case when p+(ai, . . . , a„) (hence also p-(ai, . . . , a„,)) is 
nonzero. By definition and Theorem 13. H we can find an irreducible locally closed cylinder 
D' C (tA'|t])" such that for every u E D' we have ord(p_|_(ai(ti), . . . ,ad{u))) = mi and 
ord(p_(ai(u), . . . ,ad{u))) = m2, and codim(_D') < mi — m2. Furthermore, given finitely 
many power series in -ft'lxi, . . . we may assume that the order of each of them is 
constant along the u G D', and is divisible enough. In particular, if we denote as above by 
Q!i(m), . . . , ad{u) the roots of f{u, y), we may assume by Corollary 14 . 61 that all ««(«) G Kit] 
for u & C (in which case they lie in t-ft'lt] by Lemma [4. II) . 

As before, given i < d, for every u E D' we order the OTd{aj{u) — ««(«)) with 
I < j < d as bi{u) < . . . < bd{u) = 00. By Corollary 14.151 we have Q-ideals p^^ and p^^ 
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such that 

bk{u) = ord(pJ^(ai(u), . . . , ad{u), ai{u))) - ord(pL*'Vi(u), . . . , a^iu), 

We have seen in the proof of Corollary 14.111 that there is a Q-ideal p in Cl[zi, . . . , Zd+i] 
such that 



ord(p(a(u), = cy min ord |T(aif(^i) — oaiu)) )+C2- min ord |T( 



Applying Proposition 14.161 to p, and to all p^'', p^'', we see that after possibly replacing 
D' by a subcylinder open in D', we may assume that there are A^i, . . . , such that for 
every u G -D' we can find an i with 

(15) OTd{p{a{u),ai{u))) = max{ord(p(a(M), bk{u) = Nk 

j 

for 1 < k < d (where, of course, bk{u) is computed with respect to this i). 
On the other hand, note that for such i we have 

p—i p~i p 

(16) c ■ ^ bkiu) + {c{d -p + 1) - l)bp{u) = Ci ■ ^ bk{u) + C2 ■ ^ bkiu) = rrii - mg. 

k=l k=l k=l 

In particular, this implies Ni, . . . , Np < oo. Let m = Ni + . . . + Np^i + {d—p+ l)Np, and 
consider the locally closed cylinder 

D := {iu,w) ED' X tKltj \ ord(/(M,w)) > m}. 

Let q = Np, and consider the fiber of the projection D — y D' over some u G D'. We have 
seen that there is ai{u) such that (fT5!) holds. By Lemma [5.10[ the set 

D{u) := {w e tKltj I oid{w - ai{u)) = q} 

is a locally closed cylinder (coming from a level independent on u) such that D{u) is 
contained in the fiber of D over u G D', and codim(D(u)) = q. We conclude that there is 
an irreducible component of D having codimension < g+codim(D') < Np+mi — m2 = cm, 
where we used the formula f|T6|) . This contradicts the fact that lct(/) > c. 

Suppose now that 64.(01, ... , ad) = 0. Let us consider an arbitrary irreducible locally 
closed cylinder D' C (ti^|t])'^, such that for every u G D', all roots ai{u) are in Kit}. 
Let p, p^'', and p^^ be as above. By Proposition I4.17[ given L > 0, after replacing D' by 
a subcylinder open in D', we may assume that there are Ni, . . . , N^, such that for every 
M G -D' we can find i with 

ord{p{a{u),ai{u))) > L, bkiu) = Nk, 
for all k. Note that this implies, in particular, c ■ Ylt=i + {c{d — p+1) — i)Np > L. 
Let g > 1 be fixed, and m = Ylk=i Kiin{g, A^^}. Consider 

D := {iu,w) ED' X tKltj \ oid{f{u,w)) > m}. 
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Arguing as before, we see that lct(/) > c implies codim(D') + g > c ■ m. By letting q go 
to infinity, we deduce 1 > c ■ #{j | A'^- = oo}. Therefore at most {d — p) of the A''^- are 
infinite, which implies Ap < oo. By taking g = Ap, we conclude as above that 

p-i 

codim(L)') >c-^Nk + {c{d - p + 1) - 1) Ap > L. 

k=l 

Since this holds for every D' and every L, we get a contradiction. This completes the 
proof of the theorem. □ 
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